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Working with Numbers

An NRICH Masterclass package
The problems in this masterclass package are intended to be used in a computer room to introduce students to ideas in Number Theory.

Working on these activities builds on students’ knowledge of multiples and allows them to develop and formalise their understanding of linear sequences, remainders and modular arithmetic.

Each activity is taken from the NRICH website http://nrich.maths.org. In this booklet, we present the problems as they appear on the site, together with adapted versions of the Teachers’ Notes to give an idea how they could be used in a Masterclass. 

We advise potential Masterclass leaders to look at the full Teachers’ Notes on the website for suggested extensions and support, together with printable and interactive resources. 

In addition, it may be useful to look at the published Solutions which give an indication of how students might respond to the tasks. 

Proposed activities:


Shifting Times Tables 

http://nrich.maths.org/6713 

BREAK

A Little Light Thinking / Charlie’s Delightful Machine 

http://nrich.maths.org/7016 and http://nrich.maths.org/7024 

BREAK

Take Three From Five
http://nrich.maths.org/1866 
GOT IT (if time allows)
http://nrich.maths.org/1272 
Follow-up activities:

What Numbers Can We Make?
http://nrich.maths.org/7405 


GOT IT (if not done in session)


Article: Modular Arithmetic

http://nrich.maths.org/4350 

Shifting Times Tables 

Problem (as it appears on NRICH)
The numbers in the four times table are 4, 8, 12, 16...

I could shift the four times table up by 3 and end up with 7, 11, 15, 19...


What do you notice about the differences between numbers in each sequence?

The computer will display five numbers from a shifted times table.
On Levels 1 and 2 it will always be the first five numbers.
On Levels 3 and 4 it could be any five numbers.

Can you work out the computer's times tables and the shift that has taken place each time?
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B Level 2: tables up to 20

Level 3: tables up to 20 (random order)

Level 4: tables up to 50 (random order)

18 34 50 66 82

Always enter the biggest times table it could be.
The shift is always less than the times table
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Screenshot from the

interactivity, showing

a Level 2 challenge.
Once you are confident that you can work out the times table and the shift quite easily, here are some questions to consider: 

What can you say if the numbers are all odd?
What about if they are all even?
Or a mixture of odd and even?

What can you say if the units digits are all identical?
What if there are only two different units digits?

What can you say if the difference between two numbers is prime?
What can you say if the difference between two numbers is composite (not prime)?

Can you explain how you worked out the table and shift each time, and why your method will always work?
Shifting Times Tables
(possible Masterclass approach)

Display the interactivity and generate a Level 1 challenge.

“Can you work out how these numbers were generated?”

There is more than one correct answer. 

For example, if the sequence generated was 10, 18, 26, 34, 42… answers could include “Two more than the 8 times table” 
“Six less than the 8 times table” 
“Ten more than the 8 times table”
Make it clear that the ‘shift’ is always a positive value less than the times table, so in this case, 2.

“Try some Level 1 examples until you’re confident that you can always work out the times table and the shift. They’re quite easy, so you might only need to try a couple, and then have a go at the Level 2 examples.” 

While students are working on the Level 2 examples, generate a Level 3 example where there is more than one possibility for the table. 

For example: 206, 246, 386, 426, 166  
could be 10 times table shifted by 6, 
5 times table shifted by 1, 
20 times table shifted by 6.

When you think the class are ready to move on to Level 3, explain:
“Level 3 problems are more challenging because you will be given the numbers in random order and you won’t be given every number in the sequence.”

Then display your prepared example and ask students to suggest what the table and the shift could be. Try the suggestions in the interactivity to demonstrate that it ONLY accepts the highest possible times table.

“In a while, we’ll discuss the strategies you’ve found for identifying the times table and the shift, and we’ll test out your strategies on a Level 4 problem.”
Give the class plenty of time to experiment with the Level 3 problems. While they are working, circulate and listen to the conversations they are having, so that you can identify students with useful insights to contribute in the plenary.


Once students are finding the table and shift easily, bring the class together. Generate a new example and ask a pair to talk through their thinking as they work towards the solution. Repeat, giving other pairs the opportunity to share their thinking.

Finally, allow the class some time to work in pairs on the questions at the bottom of the problem, and then discuss their ideas, emphasising the need to justify any conclusions they reach.

 A Little Light Thinking / Charlie’s Delightful Machine - Problem

When you enter a number in the interactivity below, a light turns on if your number belongs to one of the computer's chosen linear sequences. (A linear sequence is one that goes up by the same number each time.) If your number belongs to both sequences, both lights will switch on.

Your challenge is to work out the two sequence rules in a quick, efficient way, and to determine whether both lights can be switched on together. To generate a new pair of rules, click on "restart".
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Screenshot of interactivity from ‘A Little Light Thinking’.

List some pairs of sequences for which it was not possible to turn both lights on.
What can you say about their rules that convinced you that it was not possible?

Once you have a method for turning on pairs of lights, try to apply it for all four lights in Charlie's Delightful Machine.
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Screenshot of interactivity from ‘Charlie’s Delightful Machine’

A Little Light Thinking / Charlie’s Delightful Machine

(possible Masterclass approach)

Divide the board into two columns, one headed with a tick and the other headed with a cross. Ask learners to suggest numbers, and write each suggestion in the appropriate column according to a linear rule of your own choice. Once they are fairly sure they know your rule, ask them to express it algebraically.

Now demonstrate the interactivity, and ask them to suggest numbers, with the aim of switching on both lights (or convincing themselves that it's not possible). A student could be invited out to the board to record the suggestions in the appropriate columns (red, blue, neither). Once students think they’ve found the rules:

“Can you suggest a number greater than 1000 that would turn the red light on?”

“Can you suggest a number greater than 1000 that would turn the blue light on?”

“Does anyone think they can work out a number that would turn both lights on? Is there more than one possibility?”

“Try some examples with the interactivity. For each one you try, keep a record of the numbers that turn on the red and blue lights until you have enough information to work out the rules. Then decide whether it’s possible to turn both lights on together, and make a note of the numbers that do so, or your reason why you think it is not possible.”

Give students some time to try lots of examples and build up knowledge about which pairs of sequences allow both lights to switch on and which do not. Then bring the class together and collect on the board examples of pairs of rules and numbers that turned on both lights. 

On the other side of the board, collect examples of pairs of rules where both lights could not be switched on simultaneously.

“Have a look at the examples that everyone has collected. What do you notice? Talk to your partner and try to answer the following questions”:

What is true about any pair of rules where it is not possible to light up both lights?

If two sequences are described by the rules an+b and cn+d, can you explain the conditions for determining whether the lights will ever switch on together?

As pairs are discussing, circulate and listen to their conversations, and then bring the class together to share any insights.
Finally, challenge students to use their insights to turn on all four lights in Charlie’s Delightful Machine.
Take Three From Five 

Problem (as it appears on NRICH)
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Choose any five positive whole numbers.

Can you select three that will add up to a multiple of 3?

 

For example:

If you start with 1, 5, 10, 13 and 18,
you can select 1, 10 and 13 which add up to 24.
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 Choose another five positive whole numbers.

Can you select three again that will add up to a multiple of 3? 

 

 

 

Is it always possible to find three numbers that will add up to a multiple of 3 from any set of five positive whole numbers?
Can you explain why?

You can input five numbers in the interactivity and the computer will try to select three that add up to a multiple of 3. Will it always be able to find three that add up to a multiple of 3?
[image: image3.png]Total
7 9 14 18 22 30
13 15 22 86 4 39
5 17 46 8 1 30





Screenshot of interactivity.

Take Three From Five
(possible Masterclass approach)

Display the interactivity and ask students for a set of five numbers. The computer will choose three that add up to a multiple of 3. Repeat several times. 
Don't say anything - let students work out what is special about the sum of the numbers selected. Suggest that if they know what is going on they may like to choose 5 numbers that stop the computer achieving its aim. At some stage check that they all know what is going on.


Challenge them to offer five numbers that make it impossible to choose three that add up to a multiple of 3. Allow them time to work on the problem, and suggest that they write any sets they find up on the board. 

At some stage there may be mutterings that it's impossible. A possible response might be:
"Well if you think it's impossible, there must be a reason. If you can find a reason then we'll be sure."

Once they have had sufficient thinking time, bring the class together to share ideas.

You may need to prompt them by talking about multiples:
“All numbers fall into one of these 3 categories:

	type A (ie multiple of 3)
XX...XXXXXXXX
XX...XXXXXXXX
XX...XXXXXXXX
	type B (ie of the form 3n+1)
XX...XXX
XX...XX
XX...XX
	type C (ie of the form 3n+2)
XX...XXXXX
XX...XXXXX
XX...XXXX



We have found that trying to use algebraic expressions as above, is tricky, students often end up with n having two or more values at once. Students are unlikely to know the notation of modular arithmetic, but the crosses notation above is sufficient for the context, and it suggests a geometrical image that students can use in explaining their ideas.

Ask students which combinations of As Bs and Cs would add to a multiple of three. For each suggestion,(e.g. A+A+A, A+B+C, B+B+B...) ask students to return to the list of numbers that were offered earlier and find all the examples of each case.

Ask students to continue until they have found all the possible combinations of A, B and C that sum to a multiple of 3. Ask them to find five numbers that don't satisfy any of these combinations."
Soon they should realise that this will be impossible!

Ask them to set down the logic of the argument in order, like a mathematical proof, trying to be as clear as possible each time, and to state clearly what they have proved.
GOT IT

Game (as it appears on NRICH)
GOT IT is an adding game for two players. It can be played against the computer or with a friend. 

The interactive version starts with the GOT IT target 23.

The first player chooses a whole number from 1 to 4.

Players take turns to add a whole number from 1 to 4 to the running total.

The player who hits the target of 23 wins the game.

To change the game, choose a new GOT IT! target or a new range of numbers to add on.
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Play the game several times. 

Can you find a winning strategy? 

Does your strategy depend on whether or not you go first?

Screenshot of game

Is there a winning strategy for every target? 
Is there a winning strategy for every range of numbers? 

Is it best to start the game? Always?

GOT IT
(possible Masterclass approach)
Introduce the game to the class by inviting a volunteer to play against the computer. Do this a couple of times, giving them the option of going first or second each time (you can use the "Change settings" button to do this).

Ask the students to play the game in pairs. Challenge them to find a strategy for beating the computer. As they play, circulate around the classroom and ask them what they think is important so far. Some might suggest that in order to win, they must be on 18. Others may have thought further back and have ideas about how they can make sure they get to 18, and therefore 23.

After a suitable length of time bring the whole class together and invite one pair to demonstrate their strategy, explaining their decisions as they go along. Use other ideas to refine the strategy.

Demonstrate how you can vary the game by choosing different targets and different ranges of numbers. Ask the students to play the game in pairs, using settings of their own choice. 
Challenge them to find a winning strategy that will ensure they will always win, whatever the setting:
“In a little while, I am going to set up a game of GOT IT, with a randomly chosen target and range of numbers, and challenge you to beat the computer. You will need to develop a strategy so that you can quickly work out whether it is best to go first or second, and which numbers you will choose."

Finish up by carrying out the challenge and asking students to justify and explain their choices.

Developed by Charlie Gilderdale and Alison Kiddle


